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Abstract 

Let B be the unit disc in K^, JT’ be the completion of C“(B) under the norm 
( C C ^ 

, Vm6Co“(B). 

Denote /li(B) = infuEjif,\\u\\ 2 =i \\u\\^, where || ■ II 2 stands for the L^(B)-norm. Using blow-up 
analysis, we prove that for any a, 0 < cr < /li(B), 

sup I dx < -Hoo, 

||«||^- Q '||»||2<1 -*8 


and that the above supremum can be attained by some function u 6 with ||m||^ - a\\u\^ - 1. 
This improves an earlier result of G. Wang and D. Ye ll29n . 
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1. Introduction 


Let B be the unit disc in and VTi’^(B) be the usual Sobolev space. The Trudinger-Moser 


inequality 11341 l24l I23L l28l l22l] says that for any p < An, 


sup 

Tb),iiv«ii2< 


/ 

\ v/B 




< 00. 


( 1 ) 


Here and throughout this paper we denote the L'’(B)-norm by || ■ ||p. This inequality is sharp in 
the sense that for any p > An, the integrals in ([1]) are still finite but the supremum is infinity. It 
is a very powerful tool in the problem of prescribed Gaussian curvature and partial differential 
equations. 

Another important inequality in analysis is the Hardy inequality, namely 


f IVul^dx> f “ dx, 
Jb Jb (1 - \xr) 


Vm e w‘’^(B). 
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The Hardy inequality was improved in many ways. It was proved by H. Brezis and M. Marcus 
if^ that there exists some constant C such that 


r |Vm|2£/x- r -77-^Y-;^dx>C f 

Jb Jb (1 “ \xrr Jb 


u^dx, 


Vm 6 IT, 


o"( 


( 2 ) 


Further improvements known as the Hardy-Sobolev inequalities were done ^ 
Corollary 3, Section 2.1.6), Mancini-Sandeep m, Adimurthi-do O-Tintarev ||3] 
Sandeep-Tintarev j^ . In view of (|2]), 


Maz’ya ( ||21[] . 
, and Mancini- 


if' r* ^ 

I IVm^c/x- I —^^-^<ix) 

\Jb Jb (1 - W) I 

defines a norm on C“(]B). Let be the completion of C”(B) under the norm || ■ ||^. Clearly 
Jif is a Hilbert space. By a result of Mancini-Sandeep (1191]. the inequality (1.2)), we can see 
that for any p > 1, there exists a constant Cp > 0 such that 


||m|Ip < Cp\\u\l^, Vm e 


(3) 


This is also obtained by Wang-Ye 112911 . Thus we have 


ITo’^(B) cM’c np>iL'’(l). 

L“(B). In view of ([1]), one can expect a Hardy-Trudinger-Moser inequality. 


Obviously (t 
namely 


sup 


f 

1 Jb 


e^^'Vx < -too. 


(4) 


where the existence of extremal 


This was done by Wang-Ye by using blow-up analysis in 
function for (HI was also obtained. The inequality (|4]l was further extended by C. Tintarev ll27ll 
to a generalized Euclidean version by using Ground state transform, and by Mancini-Sandeep- 
Tintarev ||20|] to a hyperbolic space version via a rearrangement argument. Compared with @, 
another kind of singular Trudinger-Moser inequalities were obtained by Adimurthi-Sandeep 1 3l, 
Adimurthi-Yang 0, and de Souza-do 6 d. 

^Motivated by the works of Adimurthi-Druet 111], Y. Yang |^ 31, and C. Tintarev 

, we aim to rewrite (|4| with ||m||^ replaced by certain equivalent norm on To clarify this 
problem, we define 


/li(B) = inf 


I|m||2 

By (l3]l and a variational direct method, we have that /li(B] 
M e M’ with ||m ||2 = 1. In particular, /li(B) > 0. In fact, 
Hardy-Laplace operator, namely 


(5) 

can be attained by some function 
/ii(B) is the first eigenvalue of the 


= -A ■ 


1 


(1 - |X|2) 


1\T 


For any cr, 0 < a < /li(B) and any u 6 , we denote 

l|M||l,a = (ll«ll^-a||M||2)‘^". 

Clearly || ■ ||i_q. is equivalent to || ■ ||^. Our main result is the following: 
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(6) 











Theorem 1. Let B be the unit ball in /li(B) be defined as in (O. Then for any (3 < An and 
any a, Q < a < /li(B), the sup remum 

sup I e^"'dx 

ueji!f,\\u\\i_a<l Jb 


can be attained by some function uq g Jif with ||moIIi,q- = 1. where || ■ ||i q. is defined as in (l6|. 

An interesting consequence of Theorem[T]is the following weak form of the Hardy-Trudinger- 
Moser inequality. 

Corollary 2. Let /li(B) be defined as in 0. Then for any a, 0 < a < /li(B), there exists a 
constant C > 0 depending only on a such that 


f IVul^dx- f “ dx-a f 

Jb Jb (1 “ Ixrr Jb 


u^dx — IhTrlog 


j e‘‘dx > —C, 

Jb 


Vmg W, 


1 , 2 / 


Following the lines of Y. Li ifl^ . Adimurthi-Druet (ll], Yang |3J.], and Wang-Ye lizt^ll . we 
prove Theorem[T]by using blow-up analysis. We remark that Wang-Ye lE^ solved (|4]i by using 
a result of Carleson-Chang IfOr in addition to standard blow-up analysis. This method was orig¬ 
inally used by Li-Liu-Yang llhll . In this paper, we shall employ the capacity estimate introduced 
by Y. Li d, instead of Carleson-Chang’s result. It would be interesting to extend our Theorem 
[T]to the case involving L^(B)-norm as in MlSll . 

Earlier works in this direction were due to Carleson-Chang id . M. Struwe Id, F- Flucher 
d, K. Lin d, Ding-Jost-Li-Wang iflTll . and Adimurthi-Struwe ||3l. The remaining part of 
this paper is organized as follows. In Section 2, we give several preliminary lemmas; In Section 
3, we prove Theorem[T] 


2. Preliminary results 

In this section, we list several properties of the space Jif. Let 

o5^o = (m 6 Cq{B) : u{x) — u(r), u{r) < 0, where r - |x|| 

and be the completion of o9o under the norm || ■ ||^. The following embedding theorem was 
proved by Wang-Ye Idl : 

12 ^’7 

Lemma 3. is embedded continuously in Wj^’^(B) n \ {0)). Moreover, is embedded 

compactly in L^(B)/or any p > I- 

The second important property of is an embedding of Orlicz type, namely 
Lemma 4. For any p > I and any u 6 there holds 

e‘’"^dx < -too. 

Proof Fix p > 1 and u e Since CJ^(B) is dense in Jif, we take uq e C^(B) such that 
\\u — Moll^ < 2 t/ p. Using an inequality lab < a^ + b^ twice, we have 

r r -H r e*P‘‘«dx. 







By (ii, Theorem 1), we have 

< + 00 . 

Since mq is uniformly bounded in B, we have e^^^odx < + 00 . This gives the desired estimate. □ 

Finally we state an obvious but very important property of 

Lemma 5. Suppose u e VTj'j^(B), v 6 and v is radially symmetric. If there exists some r, 
0 < r < 1, such that u — v onlB\ B^, then u e Jif. 

Proof. It follows from Lemma[2that v 6 lTj*j^(B). Clearly we have m - v e WQ^(Er) c ITq’^(B). 
This leads to u — (u-v) + v e Jif. □ 



3. Proof of Theorem [T] 


In this section, we prove Theorem 1 by using a blow-up scheme similar to that of Wang-Ye 
1], and thereby follow closely Y. Li |15], Adimurthi-Druet 111], and Yang |3J.]. The proof will 
be divided into several subsections. 


3.1. The subcritical case 


In this subsection, we prove that the subcritical Trudinger-Moser functional J(u) = 
has a maximizer in the function space {u 6 Jif : ||m||i,q. < 1) for any y < 4;7r and any a, 
0 < a < Ti(B). 


Proposition 6. Let 0 < a < /li(B). For any e > 0, there exists 6 n C° 
that IjMflli^Q. = 1 and 


f 


(47r-6)u^j _ 


dx - sup 


iup f 
',I|h||,,„<i Jb 


(47r-e)«^ 


dx. 


n C®(B) such 


(7) 


Moreover, u^ satisfies the following Euler-Lagrange equation 
{ -Am, 


^ - aUf - -rUfe^"^” in 


(1-PP)2 


Furthermore, we have 


lim inf Tf > 0. 


Proof. We hrst claim that for any y < Ttt, there holds 


sup 

ueM’,\\u\\,x-<t 


Jb 


dx < H-OO. 


( 8 ) 


(9) 


( 10 ) 


To see this, we use an argument of radially decreasing rearrangement with respect to the standard 
hyperbolic metric dv - jp^^dx. For any u e C“(B), we let u* be the radially decreasing 
rearrangement of |m| with respect to the standard hyperbolic metric. It follows from fl] that 


r |Vm I^Jx < r |Vm|^Jx, r -—- f 
Jb Jb Jb (1 “ \xrY Jb 

4 


(1 - |xp)2 


dx. 








Clearly we have ||m*||^ < ||m||^. This leads to 


sup I 6^“^dx < sup r dx. 

In view of Lemma [3] for any u 6 with \\u\\j^ < 1, there exists a sequence of functions 


Ui eC^ 


such that \\uj\\^ < 1, uj —> u in and uj —> u a. e. in B. Thus 


/■ 


dx < limsup I jdx. 


/■ 


Hence 


I e^“ dx — sup I 

Jb ue^,||H||jr<l Jb 


sup 

which together with (S, Theorem 3) implies (fTOl i. 
Now let 0 < e < Ttt be fixed. Note that 


dx. 


f u*^dx — f 
iJm iJm 

. / 

^ / 

^ f 


M*^(l - \x\^fdv 


{u\\ - \x\^fydv 


M^(l - \x\^)^dv 


u^dx. 


and that 


r 

Jb 


(47r-e)M* 


dx - 


- f 


( 4 ;r- 6 )M* 


(i-M^fdv 


Jb 

/ 


,(4;r-6)M^ 


where we have used the Hardy-Littlewood inequality (see |1^) and the fact that the radially de- 
creasing rearrangement of (1 - \x\^y with respect to the standard hyperbolic metric is itself. 
Therefore 


sup I 

MeC”(B),||u||i,„<l Jb 


,(4;r-6)«^ 


dx < sup I 


iA7I^€)lP 


dx. 


Since Cr(B) is dense in we obtain 


sup I 

||w||i^Q.<i Jb 


.(4n-€)u^j _ 


dx = sup 

uey,\\u\\i^„<l 


/ 


(4K-e)u^ 


dx. 


( 11 ) 


To prove 0, we use a method of variation. Observing (fTOl) and (fTTT) . we can take a sequence 
of functions uj 6 J/’ with ||M;||i,tt ^ 1 such that 


r 

Jb 


,( 4 ;r- 6 )My 


dx sup 


/ 


(47r~€)J 


dx as i —> oo. 


( 12 ) 


Since 0 < a < we have 




MM)-a- 

Note that is a Hilbert space. Up to a subsequence there exists some e y such that 


weakly in yf, 
strongly in U^(B), Vp> 1, 
Uf a. e. in B. 


It follows that 


||m^|Ii„ < liminfllMjllj^ < 1. 


A straightforward calculation shows 




{Uj — u, 

e? ” ^6, 

>jr 

\\Uj\\%> 


- 2{uj,Ui)^ 

|Mj 1^ 

~ ll^ell 

+Oj{\) 

W^jWla 

- IKIlt 

+ Oj{l), 

Ml as j 

— > CO. 



For any v > 0, using an elementary inequality 2ab < va^ + Iv, we have 

< (1 + v)(Ui - + (1 + llv)ul. 

Choosing v = el{2>n - 2e) in the above equation, we have 

327t^ , 


(An - e)u^j < (An - e/2)(M j - + 


From (fT4l) we can find some positive integer y'o such that 

,, ^ An - e/3 

An — e/2 ’ 




This together with (flST l gives 


{An - e)Uj < {An - e/3) 


{uj - 


W > jo- 


32y 


V; > Jo- 


iijr 


By LemmalU 


Take 


/ 


e‘>"‘dx<oo, \/q>l. 

An - e/4 ^ ^ 


(13) 


(14) 


(15) 


(16) 


(17) 


47r - e/3 

Combining (fTOl i. (fThl l and (fTTI i. we conclude that is bounded in LP{M), which together 

with Uj Mo a. e. as / ^ oo implies that converges to jjj xjjis together 

6 








with (fl^ leads to (|7]l. Recall (fOl) we have ||Me||i,a < 1. Now we claim that ||Me||i,a = 1. For 
otherwise, we have ||Mf||i,a < 1, and thus 


sup 

uejff’. Ml,a<l 


/■ 


,( 4 ir-e)u- 


dx - 


r 

Jb 

r 

Jb 




dx 




sup 


/ 


{A7i-e)u^ 


dx. 


which is a contradiction. 

It is not difficult to see that satisfies the Euler-Lagrange equation ®. Finally 6 C" 
follows from standard elliptic estimates, and the fact that 6 C'^CB) follows from 6 
Finally we prove (|9]l. Using an elementary inequality e' < I + te' for f > 0, we have 


/ 


( 4 k-£)uI 


dx <n + (47r - e)Af. 


Note that '^^“^dx is monotone with respect to e > 0. For any fixed u e with ||M||i,a = 1, 

in view of Lemma |4] there holds 

TT < r Jx = lim r < liminf T < tt + 47rliminf Jf. 

Jb '^'^0 Jb '^'^0 Jb 


This leads to (|9]l immediately. 
3.2. Blow-up analysis 


□ 


In this subsection, we perform the blow-up procedure. Let be as in Proposition |6] Since 
nielli,ff = 1 and a < /li(B), u^ is bounded in J^. By Lemma[3 there exists uq e L^(B) such that 
up to a subsequence, —> uq in L^(B) and u^ uq a. e. in B as e ^ 0. On the other hand, there 
exists some vo e such that ^ vq weakly in Jf. In particular 


lim I u^ipdx = I 
Jb Jb 


VQipdx, 'i(f e L^(B). 


Since the weak limit is unique, we have vo = uq. In conclusion, there exists uq e 2/' such that up 
to a subsequence, 

Mf —^ Mo in Mf —> Mo a. e. in B 

as e ^ 0. Noting that (m^, uq )^ ^ {uq, uq) we have 

I|moII?,„ = IImoII^ - a\\uo\\\ < li^mf ||Mf||i,„ = 1. 

Let Cf = Mf(0) = maxR u^. If is bounded, we have by using the Lebesgue dominated 
convergence theorem. 


r /™oJx = lim r = sup f 

Jb '^'^OJB uej«’,\\u\u„<l Jm 




7 


Hence uq is a desired extremal function and Theorem 1 holds. In the following, we assume 


+CX) as e ^ 0. 


( 18 ) 


Now we claim that uq = 0. To see this, suppose uq ^ 0, then ||Molli,a > 0. On one hand, by the 
Holder inequality, Vv > 0, there holds 


On the other hand, we calculate 


„(4;r-e)M^||l + l/v 


"(l+vp(l+2v)/v2' 


(19) 


\\ll^ UqWj^ — Mq, 

— W^eWjff ~ ll^oll jff + Oe(l) 

= IKIIl,„-||Mollt+«^(l) 
= l-||«ollt + «^(l) 

< l-IKIlt/2, 


( 20 ) 


provided that e is sufficiently small. Choosing v = IImqIIj ^/16 in ( fT9l l. we have by (l20l l and (fTOl l 
that is bounded in L'^’'(B). Then applying standard elliptic estimates to (l8]l, we get that 

Uf, is bounded in Cj’^^(]B), which contradicts (fTST l. Therefore uq = 0. 


We set 


- V^i 


c, e 


l -{2 k-ie/ 2 )c 1 


For any 0 < d < An, we have by using the Holder inequality and (fTOl l. 


2 (47t-€~6)uI 


u^e 


dx < Ce‘ 




( 21 ) 


Je Jb 

for some constant C depending only on 6. This leads to 

^ 0 as e ^ 0. 

Define two blow-up sequences of functions on = {x 6 : |x| < rj') as 

i/«'f(x) = c^^u^(r^x), ipeix) = Cf(u^(r^x) - c^). 

This kind of blow-up functions are suitable for such a problem was first discovered by Adimurthi- 
Struwe ||3l. A direct computation shows 


• Ai/^f 


(1 — r^|xp)2 


Iff, + arliff, + i 


in 


- AvJf = 


2 2 
rtci 


(1 — r^|xp)2 


(A, -H arlclilJ, + 


.2^9 


( 22 ) 


(23) 


0 as e ^ 0 


We now consider the asymptotic behavior of and ip^. By (1211 1. we have 
for any q > \. Since B^-i ^ as e ^ 0, we have that < 1 and Ai/'f(x) ^ 0 uniformly 
in Br for any fixed f? > 0 as e ^ 0. Applying elliptic estimates to (l22]l . we have ^ i/r in 

8 




where ^ is a bounded harmonic function in Note that i/r(0) = limf^o i/'e(0) = 1- 
The Liouville theorem implies that s 1 on R^. Hence 

in C,'„,(R"). 

Since (fe{x) < ip^Q) - 0 for all x e B^-i, it is not difficult to see that is uniformly bounded in 
Br for any fixed R > 0. We then conclude by applying elliptic estimates to the equation (|2^ that 

in C‘„,(R2), (24) 


where ip satisfies 


By a result of Chen-Li ||^, we have 


A(p = in R^ 


^(0) = 0 = sup]a2 ip 


i^(x) =-—log(l + 7r|jc|^), r e^’’‘^dx-\. (25) 

47r Jr2 

Now we consider the convergence behavior of away from zero. Set - mm{u^,l3c^] for 
any /3,Q < f5 < 1. Then we have 

Lemma 7. For any p, 0 < < 1, there holds lim^^o I|m£,/ 3 IIi a~P- 

Proof. Note that {u^-pcf)^ e VTq’^(B) and thus = u^-iu^-pCfy e Testing the equation 
(O by we have 


/ 






(1 - | X | 2)2 


aUf:fiUf: dx 


f 


1 




It follows that 




^ (1 - |xp)2 


■ au^fiUf: dx 


f 

Jb 

X n^ pill ^ li^ pt P 

—j-— -r-f—dx + a «£,/;(«£ - u^p)dx 

(1 - |xP)^ Jb 

Jb ^6 

> p{ (l+oJl))/"‘^ufy 

JBfl(O) 

for any R> Q. Letting e ^ 0 first, and then 7? ^ oo, we obtain 


liminf >j8. 


9 








Similarly, testing the equation ([8]l by (u^ - we have 




J" |v(Mf - ySCf)^VMe - “ Pc^Tu^ ) dx 


(1 - |xp)2 


r (Mf-ySCf) r 

+ —- 1 ' dx +a (u^-pc^) u^^pdx 

Jb (1 - \xn Jb 

Jb 

> H-P) f (l+oAl))e^’^‘^dy. 

v/Bo(0) 


This implies that 


liminf||(M,-ySc,ri|2^>(l-^). 
6^0 ’ 


Since ^ 0 in L'JB) as e ^ 0 for any hxed p > 1, one can see that 
lim (||m,,pI|2 „ + \\{u, - pc,)X „ - \\u£, \ = 0. 

Therefore 

lim I !«£,/; 11? „ =A lim||(Mf-^Cf)'*'||i„ = 1 - p. 
6^0 ’ 6^0 ’ 

This completes the proof of the lemma. 


Lemma 8. There holds 


lim I I 

^^0 Jg 


lim I e'-^^ = 7r + lim sup -^. 




Proof. On one hand we have for any p,Q < p < 1, 

r e^‘^^-^^‘‘"dx = r + f e^^’^-^^^^dx 

•Jb Jug>^cg 

< f e^^’^-^>“'^dx+4^. 

Jb P 

It follows from Lemma|7]that ^ ^ |B| = ;7r as e —> 0. Hence 


/■ 


P^ci 

Letting e —> 0 first, then ^ 1 in the above inequality, we get 

lim r dx < n + lim sup 

Jb f-*o cj 

On the other hand we have by (l24l l 

r £/x = 4 f r + o J1 )'|. 

JBr,.,. VJBa / 
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□ 


(26) 




It is easy to see that 



^(An~e)ul 


dx < 




- 7r(l 




Combining the above two estimates and letting e ^ 0 first, then R —> +cx), we have 

lim sup -4: < lim f dx - n. 
c\ <^^0 Jb 

Combining (l26l l and (IZTT i. we get the desired result. 


Obviously Lemma[8]implies that 


(27) 

□ 


limCf/zlE = 0. (28) 

(Here and in the sequel we do not distinguish sequence and subsequence.) This will be used to 
prove the following: 

Lemma 9. V<^ e C°°(B), we have 

lim r (p—CeUee^'^’^^'^'^^^dx - ^iO). 

<^-^0 Jb 

Proof. For any hxed 13,0 < f < 1, we divide B into three parts 


B = ({u, > Pc 4 \ Bfir.) U ({Mf < fCe] \ Bs;.^) U B«r,- 


Denote the integrals on the above three domains by I\, f and f respectively. Firstly we have 

|/l| < sup 101 r — 

B J{u,>l3c,]\Bit,, 

^ ■^sup|0|[l- r 

P B \ JBfi,, / 

= i sup 101 (l - r e^^'^dx + Of(/?)] , 

E \ kJ By? / 


where o^R) ^ 0 as e ^ 0 for any hxed R > 0. Letting e ^ 0 hrst, then R —» +oo, we have 
Ii —> 0. Secondly there holds 


I/ 2 I < sup|0|— r '^^“‘fidx. 

B Jb 

It follows from Lemma|7]and (l28T l that /a —> 0 as e —> 0 hrst and then R —> +cx). 
Finally we can easily see that 


/3=0(f)(r e^’^‘^dx + oPR) 

\*JEii 

for some f e Br^^. Letting e ^ 0 hrst, then R —> + 00 , we have f —> 0(0). Combining all the 
above estimates, we hnish the proof of the lemma. □ 
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For simplicity we denote 


Then we have the following: 


= -A - 


1 


(1 - |vp)2 


- a. 


Lemma 10. The function sequence c^u^ converges to G weakly in W^^{W) for any p 6 (1,2), 
strongly in L‘^(W)for any q > 1, and in C*'(B5:)/or any r e (0,1), where G is a Green function 
satisfying ^aG — do, where do is the usual Dirac measure centered af 0 6 B. 


Proof Note that 


Let Vf be a solution to 


A.. 


= /e in Bi /2 
Vf = 0 on 5 Bi /2 


By Lemma |9l is bounded in L'(B). By a result of Struwe 
holds 

lIVvPI, < C||/e||i, 


and there exists some vq ^ VLq’^(Bi/ 2 ) such that 


Vf ^ Vo weakly in Bo’^(Bi/ 2 ). 


(29) 

for any q, \ < q < 2, there 

(30) 

(31) 


Take a cut-off function f e C“(B) satisfying 0<<^<l,<^slon Bi/g and f = 0 outside B 1 / 4 . 
Set We - CeUe - fVe- It follows that 


= (1 - 0)/e + A<pVe + IVfVVe- 

By (l28l l and Lemma[3l fe is uniformly bounded in B \ Bi/ie. While (l30l l and the Sobolev embed¬ 
ding theorem imply that Ve is bounded in L^(Bi/ 2 ). Then applying elliptic estimates to ( l29l l. we 
conclude that v^ is bounded in W^’^(Bi /4 \ Bpg), and thus VfVve is bounded in L^(B). Therefore 
.ifaWf is bounded in L^(B). Recalling Lemma[3j we have 

WWef^a = <We, < C\\We\\l,a\\,^aWe\\2- 

This implies that We is bounded in and there exists some wq e Jif such that 

We Wo weakly in Jif. (32) 

Let G = (pvo + Wo- Here we extend vq to be zero in B \ B 1 / 2 . It follows from (ISTT i and Lemma [3] 
that CeUe —> G in L'’(E) for any p > 1 and in C°(B \ B^) for any r > 0. Moreover we have 

lim I CeUe,^a^dx - I G,^a‘fdx, Tip e C“(B). 

<^-*0 Jb Jb 

This together with Lemma|9]finishes the proof of the lemma. □ 
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Before ending this subsection, we decompose the Green function G. Since 


-A|G+ —logr 


(1 - |X|2)2 


+ cnG € 


there holds 


1 


G = logr + Ao + lA, 
2n 


(33) 


where if/ e 

3.3. Neck analysis and upper bound estimate 

In this subsection, we use the capacity estimate due to Y. Li Q to derive an upper bound 
of the supremum in While in 12911 . this was done by G. Wang and D. Ye by using a result 
of Carleson-Chang flQl, which was employed originally by Li-Liu-Yang IB] when deriving an 
upper bound of certain Trudinger-Moser functional for vector bundles on a compact Riemannian 
surface. 

Lemma 11. For any r, 0 < r < 1, there holds 


f 

JEr 


\Vu^^dx = 1 + ■ 


1 / 1 


ci \ 2n 


logr-Ao + Or(l) + Of(l) , 


where 0 ^( 1 ) —> 0 ai e —> 0, Or(l) Oas r ^ 0. 

Proof. In view of the Euler-Lagrange equation ([8]l, we have by using the divergence theorem 


r 2 r r dUf 

I IVWfl Y/x = — I Uf:AUf:dx + I u^-—ds 

JBr Jb, JdBr 


r r du^ r U-; r 

u^.^aUEdx+ Uf—ds+ — - —r^dx + a 

Jb, Jot, ov (1 - Ixp)-^ Jb^ 

„2 


= r — ^*“'(ix + r Uf^^ds + r 

Jb, Jot, dv Jb, 


|x|2)2 
,2 


dx + a uzdx 


JEr 


rdx + a I u^dx. 


(1 - |X|2)2 

Now we estimate the above four integrals respectively. It follows from LemmafTOland (1281) that 


r =1-2 f 


^ j 1 0,(1). 


Moreover, LemmafTOland (l33T l lead to 

Jot, dv ^ cl \ JflB, dr 


(ii + 0 ,( 1 ) I = log r - Ao + o,(l) 


C \2;r 


i 5 if.. 0^*" ' 


0,(1) +0,(1) 


and 


f «:* = 4(r 

Jb, c, \Jb, 


G27/x + 0,(1)U 


0,(1) + 0,(1) 


Combining all the above estimates, we hnish the proof of the lemma. 

13 


□ 










Lemma 12. For two positive numbers 6 and R with 6 > Rr^, there holds 


f 


\Vu^\ dx = 1 + — 


1 / logl? log 5 logTT 1 


1 


271 2ti 


Atx A-n 


+ -. -Aq + oa(l) + C>(—t) + Of(l) . 


R2^ 


Proof. By (l24t and (l25l l. we have 


r \'^uj^dx = r + Oe{l) 


1 /log 7? logTT 1 1 ^ 


This together with Lemma fTTI implies the lemma. 

Let 0 < s < r < 1 and a, e R. The function h : Mr \ . 


. defined by 


h(x) - 


Z7log!f! +alog]^ 


logT 


is harmonic on the planar domain B;. \ Obviously h has boundary values 

h\dK, - a, h\gKr — b. 

Moreover we have 


/ 

Jba 


Y^hfdx = 


2n{b - af 

log 7 


Define a function space associated with h as 

'W = 'Wih, r, s)^{ue W^'HMr \ B,) \u-he 
By a variational direct method, one can see that the infimum 




inf 


f 

Jb' 


\Vufdx 


can be attained by the above harmonic function h. In fact we have proved the following: 
Lemma 13. Let 0 < i < r < 1, a, ^ 6 R, and h, 'W be given as above. There holds 

2n{b - of' 


inf r 

Jba: 


\Vu\ dx — 


logf 


This lemma can be used to derive the following: 

Lemma 14. Assume 0<6<l, R>0 and e is sufficiently small. Then there holds 

27i(br - aff 


f 

*JEs\Ejf 


\Vuf\ dx > 


log 


Rr. 


where a^ and br are defined as 


flf = Up 


bp - Up 


1/1 1 1 
+ — I "TI log^ - — log;r + 0{-^) + Op{l )), 


c, 

1 

277 


27r “ Ttt “ ^ R^ 

Iogd + Ao + O 5 (l) + Of(l)|. 


□ 


(34) 
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Proof. Substitute a^, be, Rr^ and 6 for a, b, s and r respectively in Lemma[T3] Let 


he{x) = 




Then he 


and he\gRs - MflsB*- Hence we have Ue- he e Wl ’^(Bj \ ) and 


/ 

Jb. 


I'Wuefdx > inf 

ve-Wik^ARr^) 


f IVvl^dx= f IVhel^dx. 

kJEsMB/p.. 


This together with an obvious analog of (l34l i concludes the lemma. 


□ 


A straightforward calculation shows 


1 / 1 


1 


1 


2n{be-ae) = 27r < q + — log/? + — logh - — log;r - Aq + o(l) 


It: 


= IjTci i 1 + 


1 I 1 


27r 

1 


47r 

1 


■ log R — log 6 - — log t: - 2Ao + o( 1) 
t: t: zt: 


(35) 


Here and in the sequel o(l)—>0ase—>0 first, then R —> +oo, and finally 6^0. Also we have 

h 


log = log h - log /? - log + (27r - el2)cl. 

Rre Ce 


(36) 


Combining Lemma[T2l LemmafT4l dTSl l and (l36l l. we obtain 

1 / log/? logh logTT 1 


Ao + o(l) 


27r 27r At: At: 

l + + ¥-¥-2 '>o + »(1)) 

i-s + i(-¥ + ¥-iio8f)' 


This leads to 


1 + ^ 


1 / log/? logh logTT 1 


^/Te 


+ —-Ao-— log- +0(1) 

4Tr 4Tr It: Ce 


, 1 / log/? logh logTT 

> 1 + — I-+-— —^— — 2Ao + o(l) I. 


It then follows that 


Therefore 


2t: 


1 ^JAf log TT 1 
-log^< ^ + -+Ao + o(l). 
It: Ce At: At: 


<T:e 
ci 


l+47rAo+o(l) 


This together with Lemma0implies the following; 

Proposition 15. Under the assumption that Ce — maxa Ue +oo as e ^ 0, there holds 

A+47tAo 


sup r e'^™^dx - lim f e^'*’^ ‘^^“‘dx < 

uejtf, ||h||i,„<1 Jb f'*'' Jb 


TT + Tre 


(37) 
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3.4. Test function computation 


In this subsection, we construct a sequence of test functions 6 JiT such that ||(^e||i,Q; < 1 
and if e is chosen sufficiently small, there holds 


/■ 




> 71 + ne 


1 +4;rAo 


(38) 


By PropositionfTSl this would contradicts (iJTl) unless is bounded. Therefore we get the desired 
extremal function and complete the proof of Theorem[T] 

We set 

for \x\<Re 

Sil for /?e<|x|<l, 


feix) = < 


where R — - log e, B and c are constants to be determined later. We now require 

c + - log(l + ttR^) + b] = -G , 


c \ 47r 


c \ 2n 


(40) 


which gives 


2nc^ — - log e - 2nB + 27rAo + - log;7r + O(^). 


(41) 


Clearly, (l39l l and (l40l l imply that e Wj|j’^(B). While in view of (l32l i. G coincides with wq 6 
on B \ Bi/ 2 . Hence - wo/c e Wg’^(B), which immediately leads to the fact that e Jf. 
Since e we have by integration by parts, Lemma[T0]and (l3?t that 


/ 

v/B\B p 


IV,^, 




(1 - |xp)2 


dx 


1 


r , 1 r 

I ? 1 

JaBs, oy C Jb\Bs 


G.Sf'aGdx 


4(-^log(Be)+Ao + G(^)l. 


Also a straightforward calculation gives 


/ 

*Jmr, 




1 (logR logTT 1 


2k 


4n 


Hence 




r 


iv.^. 


(1 - |xp)2 


a<p^ dx 


/ 


|V(^fpBx 


1 I 1 


= —|-^log^ + 2lo+ 


logTT 1 1 , , 

~ 4^ 


We set 


f 

v/B\Bjj 


iv<^,p - 


(1 - |xp)2 


r 

Jb 


-a(j)Adx+ I \V4>f\dx—\, 
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which implies ||0e||i,Q. < 1 and 


, 111 
Inc =-loge + 27rAo +-logTT--+6)(^). 


Combining (l4Tb and (l42b . we obtain 


(42) 


B = — + (9(^). 
An 


We now derive the estimate (l38T l. It is clear that 


/ 




f 


(1 + 4n<^^)dx 


- 


G^dx + 0(^) 


By (l42l l and (1431) . there holds on 


+ 2B - — log 1 + n^ 


This leads to 


2n 


1 


In 


|X|2\ 1 


lOgTT 1 1 


— log 1 +n—\ - — loge + Ao + —— + — + 0{-r). 


f 




Itt 


1 +4;rAo +log ;r+ 0( 


47r 47r 


f ^ 

Jb„ (1 +7r|xp)2 


dx 




1 


Since llEr - o(l/c2), we obtain 


r e^’^^'dx = f e‘^^^'dx+ f e^”‘^"dx 


> 7r + 7re'+4'^^» + 


47r 

7^1 


/ 


G^dx + o{\) 


This gives the desired estimate (1381) provided that e is sufficiently small. 


(43) 
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